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CHAKACTERISTICS OF TWO PARTIAL DIFFERENTIAL 
EQUATIONS OF ORDER ONE* 

By C. a. Noble 

Given two partial differential equations of order one : 

(1) F{x, y; z,z, j>, p, q, q) = 0, 

(2) G(x, y;z,z, p, p, q,q) = 0, 

where x, y are independent variables ; z, z functions of these variables ; and 
where ^,^, q, y denote dz/dx, dz/dx, dz/dy, and dz/dy, respectively. Assume 
that F and G are analytic in all the arguments, in the neighborhood of Xq, y^, 
^0, ^0. Pq> Pof ?o> ?o. where 

-^(aJo. yo. ^0. ^o,PorPo, <Zo» ?o) = 0, 

G(Xo, yo, za, Zo,po,Po, qo, ^o) = ; 

and assume, furthermore, that F=Q, G = can be written in the normal 
form 

?=/(»'. y; ^. ^,PyP)^ 

q = 9(x, y; z, z,p,p), 

where y^ and g arc analytic in all their arguments. 

According to the Cauchy-Kowalewski analysis, there will be two, and 
only two analytic functions : 

(3) z = <f>(x,y), 

(4) i = ^(x, y), 

which satisfy (1) and (2) simultaneously, and which satisfy also the initial 
conditions 

where ^, ^fr are arbitrary analytic functions. 

* Read before the San Francisco Section of the American Mathematical Society, Febru- 
ary 26, 1910. 
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Geometrically, this means that a unique pair of surfaces, belonging simul- 
taneously to (1) and (2), can always be passed through the curves 

y = yo. » = "^(^) an<i y = yo» ^ = ■^(^) • 

Characteristics, in the present case, according to Hilbert's method of ap- 
proach, would be such space curves that the Cauchy-Kowalewski analysis 
would not permit the inference that they determine a unique pair of surfaces 
of (1) and (2). 

If (3), (4) are a surface pair of (1), (2), then, in general, the analytic 
curves determined upon these two surfaces by any arbitrarily selected cylinder 

y = Hoc) 

will uniquely determine the surfaces (3), (4). "We seek those exceptional 
curves, if any exist, for which the Cauchy-Kowalewski theorem fails. In 
order to apply this theorem to the given equations, let us make the substitu- 
tion 

X = X, 7) = y — \{x), 

z = ^\_x, J) + \(x)] = ?(a;, 7)), 

z = 0[fl3, t) 4- X(a;)] = f(a!, r)). 

In the new variables, x, rj, f, f, the equations (1), (2) become 

(1*) F\x,v + Hx), r, f, ?:. - V?,, f^ - \% r,, ?,i = 0, 
(2*) G\x, V + Hx), r, f, r^ - vr„, r^ - xf„ r„ fj = o, 

where the accents denote differentiation with respect to x. 

The necessary and sufficient condition that the Cauchy-Kowalewski infer- 
ence shall be invalid for the curves cut from (3) and (4) by y = X(a;), i.e. 
from ?= ^(x, T}) and '^ = ?(a;, 17) by i? = 0, is that (1*), (2*) shall not be 
solvable for 5",, f, ; that is, that 



(5) 



dF/d^„ dF/d^, 
dG/d^„dG/dl 



0, 



F^ - \'Fp, F^ - X'Fp 

(xq — X (j-p, 6r^, — X G-p 

identically in x when for t), y, 2, and z wc write 0, X(a;), <^[x, X(a;)], and 
^[x, X(x)] respectively. If, in equation (5), wo write z = <^(x, y) and 



(6) 


z'=jp + «7y. 


(8) 


p' =zr+ sy', 


(10) 


q' = s+ Uj\ 
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5 = ^(cc, y), but leave y undisturbed and set X' = y\ it becomes an ordinary 
differential equation in x, y, and determines two one-parameter families of 
curves lying upon the surface 2 = </)(x, y) and two one-parameter families of 
curves lying upon i = ^(a;, y). "Whether, or not, these curves are actually 
curves of indetermination 'as to integral surfaces passing through them, re- 
mains still to be answered. 

We can set up the system of ordinary differential equations for the inde- 
pendent determination of the characteristics, i.e. without assuming knowledge 
of the surfaces z = <f>(x, y), i = ^(x, y). We have, obviously, in addition 
to (5), 

(7) z'=p + qy', 

(9) p' = f + sy', 

(11) q' = -s + -ty', 

where the r, s, t have the usual significance. 

If we differentiate (1) and (2) with respect to x regarding z, i, p,p, 
q, q as functions of x and y, eliminate r, r, from the two resulting equations 
by the aid of (8) and (9), multiply the first by Gg — y'Gp, the second by 
-F, — y'Fp, and subtract, s and 5 will disappear by virtue of (5) , and the 
single equation results 

(12) (F,+pF,+ p'Fp + pFi + p'F-p) ( Gg -y'G„) 

- {G, +pG, +p'Gp +pG-, +p'Gp){Fg - y'Fp) = 0. 

If we differentiate (1), (2) with respect to y, and proceed analogously, we 
obtain the further equation 

(13) {Fy + qF, + q'Fp + qF-, + q'F-^) ( Gg - y'G^) 

-{G, + qG, + q'Gp + qF-, + q'G^) {Fg - y'F^) = 0. 

Equations (1), (2), (5), (6), (7), (12), (13) suffice, in general, to deter- 
mine y, 2, z,p,p, q, q as functions of x. With initial values as indicated in 
the first paragraph, we should have* 

* NoTB. There vrould be two such sets of equations as (14) and (15), since equation (6) 
is a quadratic in y'. 
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y = y j aj ; xo, ?/o, 2o. 2o» i>o. ^9, ?o. ?o j ♦ 

n 4\ ) 2 = 2 ) a: ; Xo. yo. «o. ^o, i^o, ^0. ^o. ^o j . 

p =p\x; Xq, yo, «o. ^o.i>o.^o. ?o. ^o(. 

g = q\x; Xo, 1/0, Zq, Zo, Po, Po, q^, q^ \ , 



(15) 



y = yjx ; aio, yo. ^o. «o. i'o. Po. qo> ?o( . 
'« = 5)3^; «o» yo» «o. ^o.i>o. JP'o» ?o. ^of . 
1^ =^}a;; Xq, yo. ^o, Zci^o. joo. ?o. yoj. 
^5 = yjcc; jco. .Vo. «o. ^ciJo.^o. ?o. ?o|- 



Equations (14) give tlie characteristic strip passing tlirough (ajj, yo, ^o) 
on the surface z = <^(a;, y), that is, the characteristic curve, together with the 
tangent plane to the surface at every point of that curve. Equations (15) 
give the characteristic strip lying upon the surface 5 = <f>(x, y) and passing 
through (Xa,i/o, io). 

Consider now the two integral surfaces (3), (4) passing respectively 
through the curves 

y = yo. e = ir(x), and y = yo, z=y}t(x). 

Assuming that J'' = 0, Cr = can be thrown into the normal form, and that 
the curves above selected are not characteristics, there will be no other analy- 
tic integral surface of (1), (2) through either of these curves. If we select 
the two elements 

Kfl. yo. Zo = -^(350). ?o. Po = -f' (*o) and «o. yo. ^0 = "f («o) . ?o. Po = '«P(«o) 

we see by (14), (15) that the characteristic strips are completely determined 
as lying upon their respective surfaces. If we set aso = ^ a°*i think of | as a 
continuous variable, these two characteristic strips will, in their motion, 
generate the surfaces (1), (2) respectively, upon which they lie. But 
z ■=. -^{x) was selected as any analytic curve in the plane V — yo which was 
not a characteristic, and similarly for z — "^(x), i.e., ■<^(?), ■<^(l) may be 
thought of as arbitrary analytic functions. The equations (14), (15) then 
become 
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)p=p\x; ^ yo. n^), t(l), t'(?), f(l), qo, Qol' 
\q = q\x;^,y„ f(^), f(^), f'(^), f'(l), q„ q, |, 

( y = yja;; ^ yo, t(l), ^(1), t'(l), t'lD.'Zo, ?o|, 

(17) ) ^ = ^!»^5 ^ yo, t(f),_t(l), t'(0. t'(l), ?o,?o|, 

(y = 5jx; f, yo, t(l) t(^). t'(l). t'(?), ft, <2ol- 

The first two equations in (16) and in (17) may bo looked upon as fur- 
nishing the general solution of (1) and (2), expressed in terms of the para- 
meter f . The solution involves two arbitrary functions, as one should expect. 

The entire foregoing process is an extension of that presented by Hilbert 
in his lectures in 1900-1901 (see also Hedrick, Annals of Mathematics, July, 
1903). Here, as there, it appears that the equations of the characteristics 
suffice to solve completely the proposed partial differential equations. In 
other words, two partial differential equations of the first order with two un- 
known functions may be made to depend completely upon a system of ordinary 
differential equations. 

In order to exhibit the characteristics of (1), (2) in relation to the cal- 
culus of variations, let us consider the problem of rendering the integral 






\\{ii){z' — px' — qy') + iJi{u){z' — px' — qy') \du 

an extremum, with the auxiliary conditions 

F=0, G=0, 

whereby \, n are arbitrary functions, and accents denote diflerentiation with 
respect to u. The necessary conditions for the solution of the above problem, 
the so-called Lagrange equations, proceed from the vanishing of the first varia- 
tion of the integral 

P< _ _ _ 

/ \\{u) (z' - px' - qy') + ^(u) {z' - px' - qjj') + ^F + r,G\du, 
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where f, rj are undetermined functions of u. These equations of condition, 
twelve in number, arc 

(1) d{\p + iMp)lda + fF, + ^G*^ = (2) d(\q + ,Mq)ldu + ^F^ + nGy=Q 

= (4) 

= (6) 

= (8) 

= (10) 

= (12) 

By means of (3), (4), (5), (6) we can eliminate X', /x', X, /t from (1), (2), 
(7), (8). The resulting equations arc 

(13) {y>lxy{F,G-, - F^G,) - y'lx\F,Gr, - F^G^ + F^G^ - F-,G„) 

+ F,G,^ - F,,G, ^ 



(3) 


X'-^F,-r,G, 


(5) 


Xx'-^F^-vG, 


(7) 


\y' - ^F, - vG, 


(9) 


z' -px' -qij' 


(11) 


F 



fi' - ^Fi - nG,, 


= 


^x'-^F~,-r,G-, 


= 


i,y'-^F-^-y^G,, 


= 


z' —J)x' — qy' 


= 


G 


= 



(14), (15) 



F. + pt\ + p'jx'F, + pFr^ + p^jx'F-^ 
G^+pG^+ p'lx' Gp + p Gi +p'!x' G-p 

_ i'; + qF, + q'lx'Fp + qF-, + q'jx'F^ tj'/x'F, - F, 



Gy + qG^-{- q'lx'Gp + qG-^ + q'jx' Gp y'fx'Gp - G^ 



The seven equations (9), (10), • • • (14), (15) suffice to determine 
the seven ratios x' : y' : z' : z' : p' : p' : q' : q' ; that is, to determine y, z, z, p, 
p, q, q as functions of x. They are identical with the seven equations ob- 
tained by the first method for determining the characteristics. 
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